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Suppose G is a locally compact noncompact group. For abelian such G’s, 
it is shown in this paper that Lx(G), C(G), and La(G) always have discontinuous 
translation-invariant linear forms(TILF’s) while C,(G)and L*(G) for 1 <p < 00 
have such forms if and only if G/H is a torsion group for some open u-compact 
subgroup H of G. For o-compact amenable G’s, all the above spaces have 
discontinuous left TILF’s. 
Suppose E is a left translation-closed linear topological space of 
functions on a locally compact group G. It then makes sense to ask 
whether or not there exists a discontinuous left translation-invariant 
linear form (hereafter TILF) on E. The answer for some popular 
choices of E can be found in several interesting papers by Meisters 
[4 and 51 and in one by Meisters and Schmidt [6]. In this paper we 
direct the question to C,,(G), C(G), andLP(G) for 1 < p < co, where 
G is from now on noncompact. The main results concern abelian 
groups in which setting we prove: C(G), U(G), and L”(G) always 
have discontinuous TILF’s while C,,(G) and L*(G) for 1 < p < a~ 
have such forms if and only if G/H is a torsion group for some open 
a-compact subgroup H of G. Here Lemma 4 and its application in 
Theorem 5 exhibit in very explicit geometric terms what happens in 
“large” groups. For o-compact groups, our methods assume only that 
G is amenable (even this is dropped for Ll(G)). Hence, for any 
u-compact amenable G, the above spaces all have discontinuous left 
TILF’s. 
The literature contains only a few results in our setting. They all 
deal with abelian groups; they all (except possibly [S]) use Fourier 
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transform techniques. When G is R, the real numbers, or 2, the 
integers, it is known that Ll(R), and L1(Z) do have discontinuous 
TILF’S [S]. Serold [8] h as announced a similar result for C,(Z) and 
Lp(Z) (1 d p < CO). Moreover, it is essentially a corollary to [l] and 
[5, Theorem l] that C(G) and L”(G) always have discontinuous 
TILF’s for non u-compact abelian G’s. (Our Theorems 1 and 6 are 
stronger.) 
This paper is divided into three sections. The first presents two 
important basic lemmas. Here we also mention a possibly more 
interesting interpretation of the discontinuous TILF question. The 
second deals with the general u-compact case, and the third completes 
the general abelian case. Our methods differ considerably from those of 
the previously mentioned authors. Specifically, no transform theory is 
used. Instead we exploit the measure theoretic (Folner condition) 
and geometric properties (finitely generated abelian groups) of the 
group. 
We wish to thank Professor G. H. Meisters for several stimulating 
conversations concerning the TILF question. Also, we are indebted 
to the referee for pointing out (in some detail) that the abelian 
assumption which originally held throughout this paper should be 
replaced in the first two sections by amenability. 
Let C(G) denote the Banach space of bounded continuous complex- 
valued functions on G under the supremum norm 11 *Ijrn , and let 
C,(G) be the subspace of C(G) of functions which “vanish at co”. 
Fix a left invariant Haar measure on G. All integrals are taken with 
respect to this Haar measure. Denote by Lp(G) the usual space of 
Haar-measurable functions with norm (1 * I& , 1 < p < co. We define 
the left x-translate of a function 4 on G by T&(Y) = $(x-iy) for 
X, y E G. Given A C G, let AC be its complement and 1 A 1 its Haar 
measure (assuming it is Haar-measurable). The symmetric difference 
between A and some B C G is AdB = (A A BC) u (B n A”). 
Let E be any complex linear space of functions on G which is left 
translation-closed (i.e., T,$ E E for all 4 E E and all x E G). A linear 
form T on E is left translation-invariant if T(T,+) = T(4) for all 
I$ E E. All linear forms are complex-valued. G is termed amenable if 
there is a continuous nonzero left TILF on L”(G). This differs 
somewhat but is equivalent to the usual definition of amenability as 
found in [2]. From now on, we drop the prefix “left”, it being under- 
stood by convention. As in [5] we define 
d(E) = linear span{+ - T,+ I$ E E, x E G}. 
Clearly, the kernel of any TILF on E must contain d(E). Moreover, if 
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S C E is a subspace with codimension 1 and if d(E) C S, then S is the 
kernel of some nonzero TILF on E. If E is a Banach space, then there 
is the following very useful test for the existence of discontinuous 
TILF’s on E. It differs only trivially from Theorem 1 in [SJ. 
THEOREM A. There exist discontinuous TILF’s on E if and only if 
at least one of the following conditions is satisjied. 
(i) d(E) # &E>. 
(ii) A(E) has in$nite codimension. 
Basic Lemmas. The first lemma characterizes J(E), and the 
second gives a useful necessary condition for a 4 E E to be in d(E). 
Both are stated for enough but not all of the E’s in which we are 
interested. 
LEMMA 1. Let G be any locally compact (noncompact) group. 
(i) 4c3&3) = G(G). 
(ii) J(Lp(G)) = Lp(G) for 1 < p < 00. 
(iii) 6(L1(G)) = (f ELl(G) 1 Jf = O}. 
Proof. (i) Let rj E C,(G). F or each positive integer n, choose a 
compact set K, C G so that 1 $(x)1 < n-l for all x E Knc. Set x1 = 1. 
Since K,K;;l is compact, there are points x2 ,..., x, E G satisfying 
Xi 4 xlKnKil U *** V xj_lK~K~‘, 1 <j<n. 
Then xkKn n xiKn = ,@ for 1 <‘j # k < n; also 1 T,,$(x)[ < n-1 for 
all x $ xiKn . Therefore, 
Set #n = n-l Cn 
Then 
T,,#, and let T be any continuous TILF on C,,(G). 
I WI = I VAJI G II TII II A /Im < II VI n-‘(II+ Ilm + 11, 
where 11 T II denotes the operator norm of T. It follows that T(4) = 0. 
On the other hand, the Hahn-Banach Theorem implies that for each 
4 E C,(G) n W’otG))c, th ere is a continuous linear functional T on 
C,,(G) such that T(4) # 0 and such that J(C,(G)) C ker(T). With 
such a kernel, T is necessarily a continuous TILF. We conclude that 
4Gw) = Co(G). 
208 GORDON S. WOODWARD 
(ii) Fix p and choose q so that l/p + l/q = 1. Suppose fE L*(G) 
satisfies J fg = 0 for all g E &P(G)). Then 
J1; df - rzf> = s, (g - T,-li9.f = 0 
for all x E G and all g ED(G). A ccording to the Riesz Representation 
Theorem, this implies f - T,f = 0 (a.e.) for all x E G. Such an f must 
be constant; hence f = 0 (a.e.). Again, the Hahn-Banach Theorem 
implies &Y(G)) = D(G). 
(iii) Repeat the argument in (ii) for p = 1, q = co up to the point 
that f is equal (a.e.) to a constant. We conclude that g E i&Y(G)) if 
and only if Jg = 0. 
Remark 1. In proving (i), the fact that C,(G) has no nonzero 
continuous TILF was first established. This is known and can be 
found, for instance, in [3, Section 11. 
2. The TILF question can now be placed in a possibly more 
interesting setting. For example, if 1 < p < co, then D’(G) has no 
discontinuous TILF if and only if each f E D’(G) has a finite repre- 
sentation in D(G) of the form f = C fj - 7,,fi . If p = 1, replace 
“each f EL@(G)” with “each f E i&Cl(G))” since codim d = 1 in this 
case. We find it somewhat surprising that the former can occur, as 
Theorem 5 will indicate. 
In previous articles, the authors have used Fourier transform 
methods to give necessary conditions on the 4 E d(P(G)). This of 
course limits one to abelian groups and, in most cases, to p = 1 or 
p = 2. The key to our approach is in the following lemma. 
LEMMA 2. Assume G is u-compact and amenable. Then there is a 
sequence {V,} of open precompact subsets of G satisfying 
(a) G = lJ V, . 
6) Vn C Vn+, - 
(c) For each 4 E L&Y(G)) (1 < p < oo), there is a constant A, 
such that for all n 
II I 4 d J4,(2-” I v, p, 
where l/p + l/q = 1. 
V7l 
Proof. Let U, C Us C *se be a sequence of open precompact 
symmetric neighborhoods of 1 E G whose union is G. Set V, = U, . 
Since G is amenable, it satisfies the Folner condition [2, Section 3.61 
which together with the regularity of Haar measure yields the existence 
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of an open precompact set Vr 3 U,V, such that 1 xVrA V, [ < 2-l / V, / 
for all x E U, . By continuing inductively, we conclude that there 
exists a sequence V, , V, ,... of open precompact neighborhoods of 
1 E G satisfying 
uGil vi c vj+l 
and 
1 XVjd Vj ) < 2-j ) V.j 1) for all x E Uj . 
(1) 
Note that { VJ necessarily satisfies (a) and (b). 
Now suppose 4 E d(P(G)). Then 
for some finite choice of #r ,..., 4, EP(G) and x1 ,..., x, E G. Choose n, 
so that x1 ,..., X, E Um, . For n > n, , (1) together with the Holder 
inequality yields 
With 
the proof is complete. 
It is interesting to observe that when G = 2 or R, Lemma 2 can 
be strengthened to 
where 4, q& , and xi are as in the lemma and N is any positive integer. 
We also note that the casep = 1 in the lemma is useless; it is included 
only for symmetry. 
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The a-Compact Case. According to Theorem A and Lemma 1, 
the existence of discontinuous TILF’s on E = C,,(G) or U(G) for 
1 < p < cg is equivalent to the existence of a# E E such that 4 $ A(E). 
For Lp(G), it is therefore sufficient to construct a 4 ELP(G) which 
contradicts (c) of Lemma 2. For C,,(G), we construct a + E C,(G) which 
contradicts (c) when p = m. It follows that 4 E J(E) n A(E)” for 
E = L”(G), C(G), and C,(G). This is the content of Theorem I. 
LX(G), being a special case, requires the somewhat different methods 
of Theorem 2. 
THEOREM 1. Suppose G is u-compact and amenable. The spaces 
C,,(G), C(G), andLp(G)for 1 < p < co all have discontinuous TILF’s. 
Moreover, in each case A # 6. 
Proof. Let {VJ b e as in Lemma 2, and let 77 C V, be any compact 
symmetric neighborhood of 1 E G. Define for n = 1, 2,... 
t+W = l/n for SE UV, n (nG UV,,f, n = 1, 2,... . 
?I%=1 
With g = ) U /-lx, where x is the characteristic function of U, the 
function 4 = g JF # E C,,(G). S ince~~n-lonUV,,~~n-lonV~. 
Therefore 
hence 4 # Q”(G)) by L emma 2. As indicated previously, it follows 
that C,(G), C(G), and L”(G) all have discontinuous TILF’s. More- 
over, A # d in each case. 
Now suppose 1 < p < CO and set OL, = K+ 1 V, I--l/P. Define 4 by 
cc4 = % for x E S, E V, n (:lJ V,)“: 
for n = 1, 2,... . Clearly, q5 is a Haar-measurable function on G. 
Moreover, since 
c/a E LP(G). 
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But 
which violates (c) of Lemma 2. Hence 4 # d(Lp(G)). 
The above argument will not work on Ll(G). To see this, consider 
G = 2 and suppose f E J(Ll(Z)). Then Jf = 0 by Lemma 1. Hence, 
the function 
w = j-)(t) dt 
is in C,,(Z). But f = q3 - ~~4. W e can overcome this difficulty by 
sharpening (c) of Lemma 2 for the case p = 1. This task is simplified 
by observing that the Folner condition is no longer needed. 
THEOREM 2. Assume G is o-compact. L1(G) has discontinuous 
TILF’s. SpeciJicaZly, d(L1( G)) # ii(Ll( G)). 
Proof. According to Theorem A and Lemma 1, it is sufficient 
(and necessary) to construct a + E L1(G) with J$ = 0 such that 
4 4 W(G)). T o b g e in, let {U,} be as in Lemma 2; that is, (Un) is 
an increasing sequence of open precompact neighborhoods of 1 E G 
which covers G. Let V C U, be any compact neighborhood of the 
identity. Set WI = U, and choose any a2 E G satisfying a2 6 W,V-l. 
Then a,V n WI = 0. Inductively define W, for n = 2, 3,... by 
W, = U,-, W,-, v a,V, where a,,, can be arbitrarily chosen from 
( W,V-l)c. It is immediate that a,+,V C W,,, n Wnc for n >, 1. 
Moreover, suppose n, 3 1. Then there exists an n1 such that 
Un,UnO C Um, . Hence for any x, y E U,. and for any n > n, , we have 
W, , x W, , yx W, C W,,, . It follows that 
wn u xWr&l c Pn,, n r-‘w?z+Il (1) 
for all n > n, and all x, y E U%, . 
Now suppose r$ E d(Ll(G)). Then we can write, as in Lemma 2, 
for some fixed finite choice of d1 ,..., +,. E L1(G) and xi ,..., x, E G. 
Choose no so that X, ,..., x, E Un, , and let n, be as above. Set 
S,,i = x;~W,OW, for 1 < i < r. 
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It follows from (1) that the S,,i are mutually disjoint for rt >, n, 
with i fixed, 1 < i < Y. Together with (2), this yields 
To construct the 4 of interest, set 4(x) = 1 I’ 1-l for x E VC U, = W, . 
For each k > 1, set 
$(X) = -2-k 1 V 1-l on Q+V. 
Let 4(x) = 0 f or all other x E G. Since the sets V, aaV,.,. are mutually 
disjoint, )I 4 II1 = 2 and J$ = 0; hence 4 E J(Ll(G)). Moreover, since 
V C IV, and a,+,V C IV,,, n Wmc, 
= y,‘3 (1 - i 2-Z) = k, 
9l=O Z-1 
which violates (3). Therefore 4 $ d(Ll(G)). 
The General Abelian Group. The general locally compact non- 
compact abelian group can be classified as follows: G is type A if it 
contains an open u-compact subgroup H such that G/H is a torsion 
group (i.e., each element has finite order); otherwise G is type B. 
If G is type B and if H is an open a-compact subgroup, then the 
discrete group G/H contains 2 (up to an isomorphism). Similarly, 
G/ZH must also contain 2; hence G/H contains Z2. By induction, 
G/H contains Zk for every integer k > 0. This is the property of 
type B groups that is needed later. From now on, all groups are 
abelian. 
The next lemma enables us to reduce the TILF question on type A 
groups to o-compact groups. Here E is any translation-closed linear 
space of functions on G. Denote the not necessarily closed group 
spanned by x, ,..., x, E G by (x1 ,..., x,). 
LEMMA 3. Suppose I$ E d(E) and H is an open subgroup of G. There 
exist integers m, n, p and elements +1 ,..., 4, , u1 ,..., uP E E, y1 = 1, 
Y2 >'**f Y?n 2 Xl >***9 xP E G and h, ,..., h, E H satisfring 
(a) <yl ,..., y,)H/H is a torsion group, 
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(b) (~1 >..., x,)H/H is a free group, and 
(c) xiH n xiH = (1) for 1 < i #j < p 
such that for all x E G 
Moreover, if 4 is supported on H, then yz ,..., ym can be chosen from H 
with (1) holding for all x E (x1 ,..., x,)H. 
Proof. By hypothesis, there exists $I ,..., 16Q E E and x1 ,..., xQ E G 
such that (we can assume the q’s are distinct) 
The group (x,H,..., x,H) in G/H is finitely generated. Hence, it is 
the direct product A x B, where A is a finitely generated free group 
and B is a torsion group. We consider A, B as subgroups of G/H in 
the natural way. If x1 = ab for some a E AH n HC and b E BH A Hc, 
then replace & - T,,& in (2) with the expansion 
If z( = zjh $ H for some i +j and some h E H, then substitute the 
expansion 
into (2). It follows that 
where h$ E H for 1 < i < n’, u,H has finite order in G/H for 1 < i < r, 
and where x1 ,..., xp satisfy (b) and (c). Let kS be the order of u,H in 
G/H for 1 < i < r. Define the linear operators pi, vi for 1 < i < r 
onEby 
kt-1 
16 - # * Pi = c T&’ 
k=O 
and 
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Since the ,ui’s commute and since 
we have 
4 * /Al * 0” * Pr = fj 4i - rh4$i + i ui - 7xiui + i $i - ruli4i P (3) 
1 1 1 
where &=&‘*pi*-***pr, oi = ci’*pFLI*...*pFLT, and where 
$hi = l/q’ * vi (not necessarily the same &‘s as in (2)). Since 
+*t%* a** t pr = C ~~$4 for some finite choice yr = 1, y, ,..., ym 
in (ur ,..., u,), it follows that (1) and (3) are equivalent with n = n’ + r. 
Moreover, (a), (b), and (c) are satisfied. 
Now suppose 4 is supported on H and let x E (xr ,..., xp)H. Since 
(Yl >*-., ~wWn@,,...,x,W= H, 
T,+(X) = 0 for all y E (yr ,..., y,)H n He. In particular, (1) holds on 
(Xl ,-**, x&H with those yi’s not in H deleted. 
THEOREM 3. Theorem 1 remains validfor any type A group G. 
Proof. Suppose G is type A and let H be an open u-compact 
subgroup of G such that G/H is a torsion group. Apply Theorem 1 
to H, and let rj be either of the two functions constructed there. If 
C# E d@“(G)), respectively d&p(G)), apply Lemma 3 to (b and restrict 
the &‘s in this lemma to H. It follows that there exists ya ,..., yn E H 
such that 
u = + + f T~~# E d(Lm(H)), respectively L&V(H)). 
2 
But the estimates used in the proof of Theorem 1 show immediately 
that u violates condition (c) of Lemma 2. 
THEOREM 4. Theorem 2 remains valid for any noncompact locally 
compact abelian group G. 
Proof. Let H be an open u-compact subgroup of G. Apply 
Theorem 2 to H, and let {U,], {IV,), {al}, Y, 4 be as defined there. 
Suppose 46 E d(D(G)). In th e notation of Lemma 3, it then follows 
that 
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on the a-compact group K = (xi ,..., x&H, where yr = 1, yz ,..., ym , 
h 1 ,..., h, E H. Let z,H ,..., x&Z be any basis for the free group K/H 
and set U,’ = (z:‘,..., zf’, l}. Define U,’ = UL-iUi’ for I = 1, 2 ,... . 
Set WI’ = U,‘U, and W,’ = W~-,U~-lUl-l V a,V for 1 = 2, 3 ,... . 
Then { U,‘Ul}, {W,‘} satisfy the same conditions relative to K 
that W>, WJ satisfy relative to H in Theorem 2. Moreover, 
W,’ n H = W, because U,‘U, is the union of the mutually disjoint 
sets {uU, 1 u E U,‘}. Therefore, the argument leading to (3) in 
Theorem 2 together with the fact that 4 is supported on H yields 
As shown in Theorem 2, there exists an I1 >, 2 such that 
wz-1 c ri’wz c wz+, 
for 1 < i < m and for I > Zi . In particular, 
Since y1 = 1, this yields for k > II 
which is unbounded as k -+ co. But this contradicts (1). 
In Theorem 5 we will show how to write each # E C,(G) or U(G), 
1 < p < co, as a sum of differences of translates when G is type B. 
The actual construction of the necessary functions is carried out in the 
following lemma for a frxed but “canonical” 4. In this lemma we will, 
for conceptual reasons, use the additive group notation. 
LEMMA 4. Given k 2 1, let 4 be the function on Zk+l de$ned by 
+(O) = 1 and4(w) = 0 for w # 0. Let y = (0 ,..., 0, I), 
x, = (-1,o )..., 0) ,..., Xk = (0 I...) 0, -1,O) 
be points in Zkfl. Then there exists functions qbl ,..., #k, tj E L*(Zk+l) such 
that 
~=#l-T,,~l+...+B-TS,dk+~-T,~ 
for allp > (k + 1)/k. 
(*I 
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Proof. The functions will be defined recursively, but first some 
notation is needed. The symbol (z, I), when used, always refers to the 
point in Zk+l with coordinates x E Zk and 1 E 2. Set lo = 1, and let 
1, = 1 + x:,“-’ k2j. Denote by B, the k-dimensional cube 
B, = ((~1 7..., G, -2,) 1 -(2” - 1) < ?Zj < 0, 1 < j < k} 
and by Bnsj the k-dimensional rectangle 
Bn,j = {(nl s--*9 nk , -I, -j2”) 1 -(2n+l - 1) < ?z$ d 0, 1 & i <j, 
-(2” - 1) < Iii < 0,j < i < k), 
where 0 <<j < k, 0 < n. Note B,, = ((0 ,..., 0, -l)}, B,,, = B, , 
and B, k = B,+l. 
The ‘induction is carried out on hyperplanes of the form (z, I), 
- CO < 1 < 0, using a sort of “pushing” and “spreading” technique. 
We will actually end up with T+.,$ satisfying (*) instead of 4, which is 
sufficient. 
To begin, set $r(--x1) = 1, ~$r = 0 elsewhere on {(x, 1) 1 1 > 0}, 
and $2 ,..., $1, , $ = 0 on ((z, I) / 1 > O}. Let # = - 1 on B, and 
$ = 0 elsewhere on (z, - 1). The C$ in (*) is now completely deter- 
mined on {(x, I) / I > 0): it is 1 at ---x1 and 0 elsewhere. Suppose that 
rz > 0, that dI ,..., +k ,# have been defined on {(z, Z)\ I > -I,), that 
z,h = -2~nk on B, , and that 4 = 0 otherwise on {(x, --In) 1 x E Zk}. 
Suppose further that I$ in (*) is 1 at --x1 and 0 elsewhere on 
((z, I) 1 I > - In). Note that this last statement is independent of 
the values of ~#r ,..., $k on {(a, I) 1 1 < -I,} and the values of # on 
((z, Z) / 1 < -In}. Define 
& = 2-(kn+j) on Bnsivl U (B,,+, - y + xj) U *** 
u (&,j-, + (2” - 1X-y + xi>) (1) 
for 1 < j < k and observe that each term in the above union sits in 
a distinct hyperplane. Set r& = 0 at all other points of the form (z, I) 
where -l,+r < 1 < -1,. We define 4 recursively on 
{(% 4 I 4+1 < z < 41 
bY 
54% 2 - 1) = (dj - %j43)(G 4 + Q&h 4 (2) 
for -l,-j2~<Z~-l,-(j-I)2n and I <j<k. We now 
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have C$~ ,..., +k defined on {(x, 1) 1 I > -Zn+l}, # defined on {(x, I) 1 13 
-Zn+J, and the 4 in (*) is 1 at -x1 and 0 elsewhere on ((z, 1) 1 Z > 
-Zn+J by (2). To complete the induction, we must show that 
# = -2-(n+l)k on B,+l and that # = 0 otherwise on 
w 4+1> I z E -3. 
But this follows immediately from (2) and expression (3) below when 
j = k and m = 2” - 1. Suppose 1 < j < k, 0 < m < 2” - 1, and 
set CY~ = -1, - (j - 1)2”. Let t = (nl ,..., nk) be any point in 2’ 
satisfying - (2 n+l-l)<q<Ofor l<i<jand-(2%--l) < 
ni<Oforj<i<k.Then 
I 
-2--(kn+i) for-m < nj < 0, 
(di - 72j+i + $)(t, aj - m) = -2-ckn+j) for -2-” - m < nj d -2-,*, (3) 
-2-(kn+j-l) for -(2” - 1) < nj < -m, 
otherwise $j - rz,i + ~,4 = 0 on the hyperplane (z, LYE - m). To 
prove this, induct on j and m. For j = 1, m = 0, (3) follows from (1) 
and the fact that # = -2-fik on B, and 0 elsewhere on the hyperplane 
(x, -In). Suppose (3) holds for 1 <j < r and 0 < m < q where 
r < k and q < 2” - 1. Then (2) yields 
e-2--(kn+r) for -(q - 1) < n, < 0, 
z& 0~~ - q) = -2-(kn+r) for --2+ - (q - 1) < n, < -2-“, (4) 
-2-(kn+r-1) for -(2” - 1) < n, < -(q - l), 
where t = (n, ,..., nk) is as in (3) with j = Y. Of course, 4 = 0 
elsewhere on the hyperplane (x, 0~~ - q). On this hyperplane, according 
to (I), +r = 24kn+7) on Bn,r--l - qy + qx, and zero otherwise. Hence 
(3) is valid for j = r and m = q. Essentially the same argument 
yields (3) for j = Y + 1 and m = 0 (r < k). This completes the 
original induction. By recursion, we have & ,..., +k, $ defined on 
Zk+l in such a way that the 4 in (*) is 1 at -x1 and 0 otherwise. 
The D-norms of the c#~ can be readily obtained from (1). In fact, 
c I dj I9 < 1 + f 24 hn+j)e2'"+l"j-l'2n'k-(~-l)) 
zk+' n=a 
= 1 + 2-j’“-lb-1 .&n'kp-k) < m 
ifp > 1. 
580/x6/2-7 
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For II 4 Ilp , (4) yields 
$+,I * lP = f 2 z~2'"l"'i-l)2-(~~+"p(29 + 2P(2” - 4)) 
n=Oj=1 q=o 
< +(I + 2n-1) 5 i 2-j(P-l)2-n("p-(~+l)) < ~0 
n=O j=l 
if p > (k + 1)/k. 
THEOREM 5. Suppose G is type B. Then d(E) = E for both 
E = C,,(G) and D(G), 1 < p < co. In particular, E has no nonzero 
TILF’s. 
Proof. Let f E E, and let H be an open u-compact subgroup 
generated by the support of f. According to our earlier remarks, 
G/H contains 2 k+l for 0 < k < co. Fix such a k and choose any 
basis a,H,..., a,H, bH for Zkfl in G/H. Let x, E ailH for 1 < i < k 
and u E bH. For integers n, ,..., nk+r , denote by w + w’ the corre- 
spondence 
nl 
%l 
. . . Z%lC%t’ 
k - (+l,..., +k, nk+l) 
and represent points wh E 2 k+lH in the form (w, h), h E H. Let 
d r ,..., rjk , $ be the functions of Lemma 4. We define fi ,..., fk , g on 
Zk+lH by fi(w, h) = 4j(w, h) = +j(w’)f (h) and g(w, h) = $(w’)f (h), 
and extend to G by setting the fj’s and g to zero on (Zk+lH)c. Then 
f = i [fj - %,fil + g - Tug* 
j=l 
It is clear from Lemma 4 that the fi’s and g are in C,-,(G) whenever 
f E C,(G). Also, if f ED(G) and k is chosen so that p > (k + 1)/k, 
then the fi’s and g are in D(G). 
The argument in Theorem 5 can be applied to any type B group G 
with E = C(G), or L”(G), or the space of all bounded complex- 
valued functions on G. It yields that d(E) contains all elements of E 
supported on an open subgroup H of G such that G/H is not a torsion 
group. This observation is the key to our next theorem which is the 
proper extension of Theorem 1 to the general abelian G. 
THEOREM 6. C(G) and L”(G) have discontinuous TILF’s for any 
noncompact locally compact abelian group G. SpeciJically, d # A in 
each case. 
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Proof. If G is type A, we are done. Otherwise, let H be any open 
o-compact subgroup. Then the discrete group K = G/H contains at 
least one element xH of infinite order. Let JX be the collection of all 
subgroups of K satisfying ME &Z implies M n <xH) = (11, where 
(xH) is the group spanned by xH. Partially order &! by set inclusion. 
It is immediate that the union over any linearly ordered subset of &? is 
in J%‘. Hence by Zorn’s lemma, there is a maximal element NE A. 
It follows that xHN has infinite order in K/N and, by the maximality 
of N, that K/(xH)N is a torsion group. Pulling back to G and setting 
M = NH, we see that xM has infinite order in G/M and that G/(x>M 
is a torsion group. Set L = (x)M/M and define 4 E C,(G/M) as in 
Theorem 3 with H replaced by L (or since L is (isomorphic to) 2, set 
d(n) = (I n I -I- I)-’ and use the comment following Lemma 2). We 
know by Theorem 3 that $ E if(C,(G/M)) n d(Lm(G/M))C. Extend 
q4 to C(G) byf( ym) = qS(yM) for all m E M and ally E G. Let T be any 
continuous TILF on L”(M) satisfying T(1) = 1. Define the map 
F: La(G) -+ L”(G/M) by 
where -ry+g is restricted to M. Then F(T,g) = -ryMF(g) for all y E G 
and g EL”(G). In particular, F: d(L”(G)) -+ d(L”(G/M)). Since 
F(f) = 4, we conclude f$ d(L”(G)). But + E 4(C,(G/lM)) implies 
f E 4W>). 
Remark. Theorem 6 would be somewhat easier to prove with 
the aid of Theorem A if one only wanted the existence of discontinuous 
TILF’s on E = C(G) or L”(G). For it is not difficult to show that 
codim if(E) = co. In fact, this is equivalent to dim LIM(E) = co 
where LIM(E) is the space of all (left) invariant means (i.e., continuous 
TILF’s) on E. If we replace abelian with amenabIe, then it should 
. still be true that dim LIM(E) = co, but the best reference we could 
find [1] holds only for discrete G. Even for compact G’s which are 
amenable as discrete groups, it might still be that 
in light of [7]. 
dim LIM(L”(G)) = cc 
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